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Abstract— Advancements in manufacturing and material technology has redefined the approach of design for machine components. Additive 
manufacturing processes have enabled designers to manufacture for design and functionality. With Design for Additive Manufacturing (DfAM) 
approach, components can be manufactured with holes in them, including rolling contact components. These hollow components save 
material, weight, have shorter manufacturing lead times and possibly a higher rolling contact fatigue resistance. Hollowness is defined as 
the volume percentage of intentional void in load carrying member. Finite element analysis is performed to obtain compressive and tensile 
stresses on rings and square plates with centric holes in them. The values obtained, are then plotted against the distance from center and 
hollowness. Observations from numerical analysis are further confirmed with experimental results using strain gages. The results show a 
moderate increase in strain up to about 20% to 35% hollowness depending on the type of specimen and loading in both finite element and 
experimental results. Beyond these values, which represent the optimum hollowness, the strains increase along a steep curve. The above 
results form a basis to examine the effect of hollowness for rolling contact machine elements for their fatigue life. RCF life of solid and hollow 
discs are examined using theoretical analysis, finite element tools and experiments. The results indicate that some hollow load bearing 
machine components with enhanced RCF life can be fabricated, leveraging recent advances in Additive Manufacturing. 

Index Terms— Stresses and strains in Rings, Normal Loading, Optimum Hollowness.   

——————————      —————————— 

1 INTRODUCTION                                                                     

ACHINES have been in use to human help for 
centuries now. Discovery of wheel can be taken as the 

first step in building the first machine, humans ever built. 
Today, almost every human activity is assisted by a machine, 
directly or indirectly. Various components in a machine work 
together to provide an intended output. Each component has 
its own function and is designed for a specific purpose. A 
good component design satisfies all the functional 
requirements by using best suited material, optimum weight, 
size, shape and product life. Traditional manufacturing 
processes involve more than one-step to modify the existing 
stocks to obtain a final product. For example, to manufacture 
a simple cylindrical shaft, a round stock is taken and then 
reduced to the required dimension by cutting, turning and 
facing. Manufacturing of components such as gears, bearings, 
cams etc., that require complex geometrical, mechanical and 
metallurgical properties involve lot more steps, time, energy 
and cost. With the advancements in material science and 
manufacturing technology, improvements in design have 
significantly reduced the size and weight of machines. Bulkier 
engines have become compact with higher power, efficiency, 
and sophistication. Tasks that required heavy machines can 
now be accomplished with lighter and smaller but better 
efficient machines. 3D printing has saved time in product 
research and development, making it possible to try out 
different permutations and combinations of design variables 
to achieve the best output in shortest possible time, effort, 
material consumption and costs. Apart from their use for 
rapid prototyping in the last 30 years, they have been used in 
rapid manufacturing as well [1]. Obvious benefits of this 
technology are reduction of life cycle, material mass, energy, 
scrap and harmful auxiliary processes etc. One major 
advantage of Additive Manufacturing (AM) is that it has 
redefined the approach of product design and development. 
This technology has enabled designers to choose 
‘manufacturing the design’ vs. ‘design for manufacturing’ 

approach [2]. Designers are no longer constrained by 
manufacturing processes and have the liberty to create and 
manufacture parts that would be more efficient and better at 
their functionality across all industries including aerospace, 
biomedical and automotive. 
 Hollow components such as hollow gears, bearings, cams 
etc., which were unimaginable, can now be easily designed 
and manufactured to required precision. They have larger 
surface areas, allowing lubricants to dissipate more heat from 
the bodies. In addition, if AM printed, these hollow 
components could be saving time and cost as well. Though 
they might not be stronger than their solid counterparts, the 
benefits of their ability to flex could be used to possibly extend 
the fatigue life under rolling contact 

Not much of an investigation has been done regarding 
the stress field variation with hollowness of machine compo-
nents. Circular rings have been studied in greater depths to 
find the tensile strength of brittle materials such as concrete 
and rock using a widely known technique called Brazilian 
Disc test as shown in Figure 1. Brazilian Disc test is an indirect 
testing method where tensile strength of rocks is determined 
by the stresses at failure of rings loaded in uniaxial diametric 
compression. For the normally loaded disk, stresses induced 
are compressive and tensile along the loading axis and the 
axis normal to that, respectively. The tensile stress is almost 
constant near the center of the disk under compression. It is 
assumed that failure occurs at the point of maximum tensile 
stress, i.e. at the center of the disc [3], [4]. Equation (1) is used 
to calculate the maximum tensile stress 𝜎𝜎𝑇𝑇 using the Brazilian 
Disc test. 

 𝜎𝜎𝑇𝑇 = 2𝑃𝑃
𝜋𝜋𝜋𝜋𝜋𝜋

= 0.636 𝑃𝑃
𝜋𝜋𝜋𝜋

 (1) 
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Fig. 1. Schematics of Brazilian Disc Test 

No specific focus on stress variation with change in size 
of holes or hollowness were found in literature except for the 
test for failure of rock samples in Brazilian disc test, thus, all 
the reference made herein are based on the same. The proce-
dure and results of Brazilian Disc test can be related with the 
work described in this document as it assumes that even rocks 
are homogenous, isotropic and linearly elastic before brittle 
failure occurs [5]. Initiation of crack is considered as a failure 
criteria and most of the study has been focused on defining 
the failure criteria based on the location of crack initiation site. 
Yanagidani et al. [6], Chen et al. [7] have shown that the crack 
initiation site would be located at the center of the Brazilian 
disc based on the Griffith fracture criterion. Fairhurst [8], 
Hooper [9], Hudson et al. [10], Swab et al. [11] have shown 
that the crack initiation points are located away from the cen-
ter of the discs. Yanagidani et al. [5] first made use of strain 
gages to study the stress field on rock samples. Filon (1924) 
came up with the methods of calculating stresses in rings that 
are point loaded on the inside boundary [12]. Stress field on a 
diametrically compressed circular disc was discussed by Ti-
moshenko in 1951. His results for total stress distribution in 
hollow rings of unit thickness were based on two assump-
tions: (1) The surface remains plane and the normal stresses 
over the cross section is hyperbolic. (2) The total stresses are 
distributed linearly. The results from his work based on these 
assumptions were good for the stresses along X-axis but gave 
significant error in predicting the stress along Y-axis for rings 
[13]. 

Most of these studies have been used to examine the 
stress on hollow components or to determine the tensile yield 
strength of rock samples as in the case of Brazilian Disc Test 
[3], [4]. Hobbs was skeptical of the results of the test as he ob-
served multiple wedge shaped fractures from close to the 
loading platens, leading to prior tensile failure along the 
loaded diameter [5]. To avoid the stress concentration at the 
disk-jaw interface, he proposed the use of a circular disc with 
a small central hole. He studied the effect of the size of hole in 

the stress variation within these specimens and came up with 
the following equations to determine stress on the discs with 
holes. The stresses in a ring loaded diametrically are given by 
(2), (3) and (4). 

 σrr =  1
𝑟𝑟2

𝜕𝜕2(𝑋𝑋)
𝜕𝜕𝜃𝜃2

+  1
𝑟𝑟

 𝜕𝜕(𝑋𝑋)
𝜕𝜕𝑟𝑟

 (2) 

 

 σr𝜃𝜃 =  − 𝜕𝜕
𝜕𝜕𝑟𝑟

1
𝑟𝑟
𝜕𝜕(𝑋𝑋)
𝜕𝜕𝜃𝜃

 (3) 

 

 σ𝜃𝜃𝜃𝜃 =  𝜕𝜕
2

𝜕𝜕𝑟𝑟2
(𝑋𝑋) (4) 

Where 𝑋𝑋 is the stress function assumed by Filon [20]. 𝑟𝑟 is de-
fined as 𝑅𝑅𝑖𝑖 > 𝑟𝑟 > 𝑅𝑅𝑜𝑜 where 𝑅𝑅𝑖𝑖 is the inside radius and 𝑅𝑅𝑜𝑜 is the 
outside radius of the ring. σrr is the radial stress, 𝜃𝜃 is the angle 
from the horizontal axis along which stress is being meas-
ured, σ𝜃𝜃𝜃𝜃 is the hoop stress, and σ𝑟𝑟𝜃𝜃 is the shear stress. For a 
disk as shown in Figure 2, with central hole radius 𝑅𝑅𝑖𝑖, external 
radius 𝑅𝑅𝑜𝑜, thickness 𝑤𝑤 being compressed along the vertical di-
ameter with a load of 𝑃𝑃, the maximum tensile stress 𝜎𝜎𝑇𝑇  along 
𝜃𝜃 = ± 𝜋𝜋

2
  and maximum compressive stress 𝜎𝜎𝐶𝐶  at 𝜃𝜃 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜋𝜋 

are approximately given by, 

 𝜎𝜎𝑇𝑇 = 𝑃𝑃
𝜋𝜋𝜋𝜋𝑜𝑜𝜋𝜋

(6 + 38𝑞𝑞2) (5) 

 

 𝜎𝜎𝐶𝐶 = 𝑃𝑃
𝜋𝜋𝜋𝜋𝑜𝑜𝜋𝜋

(10 + 10𝑞𝑞2) (6) 

where 𝑞𝑞 is the ratio of internal to external radius [5]. 
Kourkoulis and Markides [14] concluded that the stress field 
strongly depends on the kind of externally imposed load that 
influences the results, when inner radius approaches the 
outer one. 

 
Fig. 2. Ring under Normal Diametric Com-pressive Loading 
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2    HOLLOWNESS OF COMPONENTS 
Load bearing components such as gears, shafts, bearings 

are critical components in machine design. A precise selection 
of size, material, mass and shape is necessary for proper func-
tioning and utmost efficiency. Hollow components are obvi-
ously lighter and susceptible to collapse under different load-
ing conditions. These components on the other hand, could 
possibly minimize inertial mass, reduce material consump-
tion, increase power efficiency and durability, and provide 
larger surface areas for cooling. Hollowness has mostly been 
defined for cylindrical roller bearing as the ratio of inside di-
ameter to outside diameter. Researchers have defined opti-
mum hollowness for these cylindrical hollow bearings that 
have maximum rolling contact fatigue failure lives. Darji and 
Vadkharia [15] have defined optimum hollowness for cylin-
drical rolling element of bearings based on finite element sim-
ulation for minimum contact stress and longest fatigue life 
under normal loads. They have found that fatigue life for the 
cylindrical bearings under normal load is maximum in be-
tween 60% to 70% hollowness. This corresponds to 36% to 
49% hollowness in terms of volume ratio of intentional void 
to the total volume. Jadayil et al. [16] compared the fatigue 
lives of solid and hollow rollers in pure rolling contact, where 
rollers were subjected to combined normal and tangential 
loads. It was found that due to flexibility of hollow cylinders, 
contact stresses are redistributed, peak stress is decreased and 
thus fatigue life is maximum at around 60% hollowness. Be-
yond these values the cylinders become too flexible and com-
promise their load bearing capacity. 
The objective of the work presented here is to examine the ef-
fect of hollowness in machine components and define the op-
timum hollowness of these components as well as Rolling 
contact components under fatigue loading.  
One of the current constrains in part of Design for Manufac-
ture and Assembly (DfMA) approach is that, it hardly sup-
ports the manufacture of hollow components to be used in-
stead of solid machine components. Lack of machining ability 
and insufficient data about the use of hollow machine compo-
nents, make their use very rare. Load bearing components 
such as bearings, gears, shafts, cams, wheels could be manu-
factured with hollow cores and used, if only, their response in 
terms of functionality and reliability were further studied. 
Studies have shown that hollow components are better than 
their solid counterparts, especially in the case of handling 
contact stresses. Hollow components can flex under normal 
compressive loading and thus better distribute contact 
stresses [15], [16]. 
The problem is to identify the possible relation between stress 
and hollowness on any machine component and then define 
an optimum hollowness for the component based on its abil-
ity to perform its functions satisfactorily. Optimum hollow-
ness is the maximum hollowness that any component can 
have and still satisfy its functional requirements as compared 
to their solid counterparts. The judgement for optimum is rel-
ative and needs a careful investigation of the distribution of 

stress field on a defined cross section. Since AM components 
have comparable strength and are at par with the convention-
ally manufactured components, hollow AM components can 
be used instead of solid ones. If so, what could be the maxi-
mum hollowness that these components can have? 

3    HOLLOWNESS INVESTIGATION 
To investigate the effect of hollowness on different speci-

mens, finite element analysis is performed using ANSYS 
Workbench®. Wang et al. [17] carried out stress analysis on a 
flattened Brazilian disc specimen, using ANSYS® but, their 
intent was to determine the elastic modulus, tensile strength, 
and fracture toughness for brittle rocks.  In this paper, our fo-
cus is on finding the effect of hollowness on stresses and 
strains for rings under compressive loads. 

3.1 Finite Elements Models 
Finite element models are created in ANSYS®. Normal 

Stresses and deformation along X and Y axes for 4 types of 
models were then studied in detail. These models Figure 3, 
can be categorized based on the loading or the shape of the 
void. For a concentrated loading, the load is applied on circu-
lar specimens where the top plate and bottom plate make a 
line contact along the z-axis, meaning, there is a line of contact 
between each of the loading plate and the circular specimens. 
Distributed loading is used for square Specimens compressed 
using flat plates.  

Shape of voids is also used to categorize the models such 
as concentric regular where the specimens have identical 
shape voids in them as their outer shape. Concentric irregular 
shapes are obtained where the voids in the specimens have 
different shapes than their outer shapes. 

 
Fig. 3. Different Categories of Specimens 

The finite element models were validated using the ana-
lytical results from Hobbs’ investigation of stress in rings [13].  
Figure 4 shows a comparison between analytical results  
and maximum stress along two perpendicular axes in the fi-
nite element model for circular specimen with circular holes. 
Maximum compressive and tensile stress values along load-
ing axis and axis perpendicular to that are compared to the 
maximum compressive and maximum tensile stress obtained 

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research Volume 10, Issue 8, August-2019                                                                                                     1317 
ISSN 2229-5518  

IJSER © 2019 
http://www.ijser.org 

from (5) and (6). As evident from the two plots, the stresses 
along the axes follow the similar pattern, as do the stresses 
from the equations. In the figure, the blue lines represent the 
maximum compressive stress and the red lines the maximum 
tensile stress. Figure 4(A) shows results from Hobb while Fig-
ure 4(B) represents from the FE analysis. 

 
Fig. 4. Maximum Stress Variation with Hollownes. 

After running the solution, the results were obtained for 
stress, strain, and deformations. Two paths were created 
along the Y and X axes from the outer edge of each model to 
the center of the models. Equivalent stress, equivalent strain, 
normal stress, normal strain, total deformation and direc-
tional deformation along these two paths were obtained and 
the values were analyzed. 

3.2 Finite Elements Results 
Results from the FEA of hollow circular disc and square 

plates are presented herein. Stress and strain values are ex-
tracted along the vertical loading axis and the horizontal axis. 

3.2.1 Stress Variation along Axes 
Figure 5 to Figure 7 show variation of different type of 

stresses along the two axes due to hollowness in the circular 
specimens. The stresses are plotted against hollowness per-
centages in these normally loaded aluminum models. Y is the 
loading axis whereas X is the horizontal axis. The plots indi-
cate that all types of stresses increase steeply beyond 40% hol-
lowness, meaning the chances of failure is very high beyond 
40% hollowness. Thus, the investigation for optimum hollow-
ness is focused on specimens below 40 % hollowness. 

 
Fig. 5. Maximum Equivalent Stress Variation with Percentage Hollow-
ness. 

 

 
Fig. 6. Maximum Normal Stress variation with Hollowness along X-
axis. 

 

 
Fig. 7. Maximum Normal Stress variation with Hollow-ness along Y-
axis. 

 

3.2.2 Stress and deformation variation along Axes 
Stress and deformation values were analyzed for all four 

type of specimens shown in Figure 3. All of specimens were 
compressed with 10kN load along the Y-axis. Stress and de-
formation values along the Y-axis and X-axis were recorded 
and plotted against the distance from outside edge to inside 
edge. For circular specimen with circular holes, Figure 8 to 
Figure 11 show stress and deformation variation. The results 
can be summarized as follows: (1) Normal stress along Y is 
maximum for specimens with solid specimens (0% Hollow-
ness). It is initially compressive, then it rises, goes tensile al-
most near the inside edge and then drops to zero for all spec-
imens of different hollowness. As the bending stresses get 
dominant on the inside edges, stress on the 49% hollow spec-
imen changes to tensile. (2) Normal stress along X is maxi-
mum for 49% hollowness specimen. The stress is tensile for 
the solid specimen whereas for other specimens, it is com-
pressive, reaches the peak and then bounces back to zero at 
the inside edge. (3) Maximum deformation along X and Y are 
both experienced for 49% hollow specimens. The deformation 
values are almost constant along both the axes. Results pre-
sented in the figure were also obtained for other type of spec-
imen but will not be reported or discussed up herein. 
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Fig. 8. Normal Stress Variation along Y 

 

 
Fig. 9. Normal Stress Variation along X-axis. 

 

 
Fig. 10. Directional Deformation Variation along Y-axis 

 

 
Fig. 11. Directional Deformation Variation along X-axis 

 

3.2.3 Strain Variation along Axes 
Figure 12 shows the location of measurement of normal 

strain along the loading axis (Y-axis) and the axis perpendic-
ular to that (X-axis). Figure 13 and 14 show the variation of 
strain for the change in load on Circular specimens with cir-
cular holes and square specimen with circular hole measured 
at different point along X and Y-axes. 

  
Fig. 12. Strain Measurement Points on Circular Specimens with Cir-
cular Holes 

 

 
Fig. 13. Strain Variation at ∆X=13mm on Circular Speci-mens with 
Circular Holes 
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Fig. 14. Strain Variation at ∆Y=13mm on Square Speci-mens with 
Circular Holes. 

Figure 13 shows the variation of normal strain variation 
at different locations within the specimen for increase in hol-
lowness percentage. Finite element results show that normal 
strain rises steeply after about 40% hollowness. Optimum hol-
lowness for this loading and specimen case varies between 
25% to 40%. Strain rises significantly beyond the optimum 
hollowness values, indicating higher chances of failure in the 
specimens.  

Figure 14 shows the variation of normal strain variation 
at different locations within the specimen for increase in hol-
lowness percentage. Finite element results show that opti-
mum hollowness for this loading case is around 20% as strain 
rises significantly beyond 20% hollowness along Y and X-axis.   

4 CONCLUSION 

Square and circular rings normally loaded have been in-
vestigated. Based on the proposed definition of hollowness, 
rings from 0 to 50% hollowness were loaded in compression. 
The load created compressive and tension loads in the com-
ponents. Using theoretical and finite element analysis, it was 
shown that these members could have up to 40% hollowness 
without drastically reducing their load carrying capability. 
This is a preliminary investigation to determine the amount 
and the location of voids in machine components to avoid fail-
ure. Future study will address this issue along with the fa-
tigue life investigation. However, the results presented here 
indicate that some load carrying or transmitting machine 
components can be fabricated with measurable voids leverag-
ing recent advances in Additive Manufacturing. 
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